We investigate the effect of an applied electric potential on the mechanics of a coarse grained POPC bilayer under tension. The size and duration of our simulations allow for a detailed and accurate study of the fluctuations. Effects on the fluctuation spectrum, tension, bending rigidity and bilayer thickness are investigated in detail. In particular the least square fitting technique is used to calculate the fluctuation spectra. The simulations confirm a recently proposed theory, that the effect of an applied electric potential on the membrane will be moderated by the elastic properties of the membrane. In agreement with the theory we find that the larger the initial tension the larger the effect of the electric potential. Application of the electric potential increases the amplitude of the long wavelength part of the spectrum and the bending rigidity is deduced from the short wavelength fluctuations. The effect of the applied electric potential on the bending rigidity is non-existent within error bars. However when the membrane is stretched there is a point where the bending rigidity is lowered due to a decrease of the thickness of the membrane. All these effects should prove important for mechanosensitive channels and biomembrane mechanics in general.
I. INTRODUCTION
The lipid bilayer that surrounds cells is an important medium as a barrier between the interior of the cells and their surroundings. In recent years, the lipid membrane of cells have been recognized to play an important role in the modulation of protein functions [1, 2] . The membranes in a cell are subject to external forces and stresses that change its physical properties and in turn affect protein/membrane functions. Such change can be brought by change of the electrostatic potential that the cells maintain between the two sides of the membrane [3] but it can also be due to protein activity in general [4, 5] . Another important property of the membrane is its thermal fluctuations as these influence membrane adhesion [6, 7] . The properties of the fluctuations depend on the mechanical parameters of the membrane and hence it can also be modified by an applied electric potential or active proteins [8, 9] .
It is then of primary importance to correctly describe the effect of an additional stress on the membrane mechanical parameters with respect to a reference state. The two main mechanical parameters of the membrane are its bending rigidity, seen as the energetic cost for inducing membrane curvature, and the tension, seen as the mechanical parameter which sets the area of the membrane. The theoretical contribution of the applied potential to the bending rigidity and the tension have been derived in several works [3, 10] . However it has been argued in [11] that the tension of a membrane subject to external stress is not the sum of the initial tension plus the additional stress. This is because the membrane is an elastic sheet that can change its area in response to the additional stress.
In this paper we investigate the effect of an applied electrostatic potential on a POPC membrane bilayer through molecular dynamics simulations. In particular we test and confirm a recently proposed theory [11] , that the effect of the electric field on the membrane tension should depend on the available membrane excess area. We will also investigate the effect of an applied electric potential on the fluctuation spectrum of the membrane. From the fluctuation spectrum we will calculate the bending rigidity of the membrane with and without an applied potential. In addition we will vary the initial excess area/tension and investigate its effect on the bending rigidity.
II. METHODS

A. Theory
We model the membrane as a smooth two-dimensional surface with height above the xy-plane h(x, y). We will model the effect of the electric field to be equivalent to adding a term proportional to the area in the free energy. In order to describe the effects of this additional tension we will follow the approach of [11] and take the following Hamiltonian:
where H c is the Helfrich bending energy:
here the integral is over the whole area A of the membrane, H is the local mean curvature (half the sum of the principal curvatures) and κ is the bending rigidity of the membrane, i.e., its resistance to bending. H s is the contribution from the elastic stretching of the membrane.
It reads:
where K a is the area expansion modulus and A 0 is a the preferred area of the membrane. Finally H add is the contribution from an additional intrinsically applied tension σ add :
In our simulations σ add is taken to be the contribution from the applied electric potential. The membrane surface can be expanded in a series of complex exponentials:
whereh are the corresponding expansion coefficients and q x and q y are wavenumbers in the x and y directions of the membrane, they can take the values:
where L x and L y are the box size in the x and y direction and n x and n y are integers. In this approach the microscopic nature of the membrane is ignored and it is necessary to introduce a cut off for both n x and n y such that |q x | ≤ q max and |q y | ≤ q max where the wavelength corresponding to q max is the wavelength at which the continuous description of the membrane breaks down. These restrictions on the values of q x and q y are implied throughout the paper. The fluctuation spectrum is defined as the average value of the square of the absolute value ofh at equilibrium. Using standard statistical mechanics, the fluctuation spectrum can be shown to be [12] :
where this expression depends only on the norm of the wavevector q = q 2 x + q 2 y . The brackets mean an ensemble average which is equivalent to a time average at equilibrium.σ is an is a moderated tension that depends on σ add , K a , κ and the tension σ 0 of the membrane when σ add = 0. According to [11] σ can be calculated selfconsistently using the equation:
If we want to use the projected area, L x L y , instead of A 0 we rewrite this equation as:
where u = L x L y /A 0 (see the supplementary material for values of u in our simulations) and α is the fractional excess area defined as:
The final tension is then the sum of the additional applied tension plus an elastic contribution and must be determined self-consistently. This elastic contribution will moderate the applied tension. Note that if we had assumed an equation of the form of H add for H s instead, say H s = σ 0 A, the tension after adding H add would simply beσ = σ add + σ 0 i.e. there would be no elastic response of the membrane to the external additional stress. In this paper we verify the elastic moderation of the tension through molecular dynamics simulations. In particular we will apply an electric potential difference, V , across our membranes. This electric potential will give rise to stress in the membrane in the form of an additional tension σ add . In order to try to quantify this effect we use Eq. 9 making the following assumption for σ add . The membrane we simulate is symmetrical, so the first nonzero term in an expansion in V of σ add is quadratic. This means that, to lowest order:
where µ is a phenomenological constant that depends on the membrane composition, but also on the ionic concentration and the water properties. In the following we will use Eq. (9) together with (11) in order to explain the observed behavior of our membranes.
B. Simulations
The Martini coarse grained force field [13] has been used to perform simulations of a membrane bilayer. In order to observe large wavelength fluctuations the simulated membrane was made rectangular by duplicating a equilibrated patch of membrane in the x direction. This patch was then equilibrated and duplicated again until we reached the desired size. The final system consisted of 602964 particles as 4224 POPC molecules, 181884 water beads, 1200 sodium ions and 1200 chloride ions. For the water, the polarizable water model of Martini has been used [14] , note that this include a background permittivity of 2.5ǫ 0 . We use an ionic concentration of ∼ 90 mM which was chosen such that the membrane would be electrically screened from its periodic images (the Debye length [15] is on the order of 1 nm). All simulations were run at a temperature of 325 K in order to accelerate fluctuation dynamics. We performed the simulation in the NP z AT ensemble where the pressure normal to the membrane is fixed to one bar and the projected area of the membrane is fixed in the lateral direction. This allows us to directly observe the change in the fluctuations and the tension due to the applied electric potential.
We note here that we chose the Martini force field because it gives a good trade off between performance and accuracy. Furthermore the polarizable water version of it gives a reasonable value for the dielectric permittivity of water. It is known, however, that the electrical potential in the membrane (i.e. the so called dipole electrical potential) is negative with respect to the bulk fluid in Martini simulations. Experimental evidence suggest that it is actually positive for real lipid membranes [16, 17] . This problem has already been noted in the original paper for the polarizable Martini water [14] , but is not an issue here because the electrostatic stresses are proportional to the square of the electric field and do not depend on its sign.
The fluctuation spectrum is calculated and convergence is checked as explained below. Our original membrane patch was 132.18×10.93×19.04 nm 3 . From this we constructed three other patches with the following scaling factor on the x axis: 0.996, 1.02 and 1.05, resulting in boxes of length 131.71, 134.82 and 138.79 nm respectively. In the following we will refer to these different cases by their scaling factor. The stretched membrane was obtained by scaling the coordinates of all residues in the system. No stable system could be obtained by scaling the the coordinates of all residues for the shrunk membrane so we used the following method: we relaxed the constraint on the fixed size of the simulation box in the x direction while fixing the size in the z direction after creating a small vacuum above and below the membrane. The system then automatically shrank in order to conserve its volume, we obtained a box size of 131.71 × 10.93 × 19.11 nm 3 which is close to a 0.996 factor (0.99644). For each of these patches two initial sets of velocities were used to run two sets of simulations. They were first equilibrated with Berendsen coupling for the temperature and the pressure [18] and then subsequently run with the Nose-Hoover [19, 20] thermostat and the Parrinello-Rahman [21, 22] barostat. All electrostatics was handled using the Particle Mesh Ewald (PME) method [23, 24] using the parameters for the polarizable water model [14] . Subsequently we applied transmembrane potentials of 200 mV and 500 mV. We did so by applying a uniform external electric field E ext along the z axis in the simulation box such that V = E ext L z where V is the applied electric potential and L z the average box height [25] , giving an applied electric field no greater than E ext ≈ 27.5 mV/nm. All simulations were performed using GROMACS 4.5.5 [26] [27] [28] .
C. Tension, Bending Rigidity and Fluctuation Spectrum Calculation
We express each leaflet of the bilayer by a continuous surface expressed in terms of an expansion in complex exponentials:
where z up (z dw ) is the smooth surface associated with the upper (lower) layers, thez up (z dw ) are the corresponding coefficients in the expansion.This means for the corresponding expansion coefficients ofh:
The fluctuation spectrum can then be compared with Eq. (7). In our simulation the tension can be measured directly by calculating the difference between the normal and the lateral pressure:
where L z is the box length in the z direction and P zz is the normal and P xx and P yy are the lateral components of the averaged pressure tensor. The bending rigidity can then be inferred from the calculated fluctuation spectrum. In this paper we will assume that γ =σ, i.e., that the mechanical lateral stress acting on the membrane is the same as the tension in the fluctuation spectrum.
However we point out that this issue is still controversial to this day [29] [30] [31] [32] [33] [34] .
In contrast to previously used methods like the direct Fourier sum [35] and the binning technique [36, 37] , we obtained the fluctuation spectrum by using a least square fit with cosines and sines to the PO4 (the phosphate group) particle positions for each leaflet (see the supplementary material [38] ). This is certainly a similar technique to the one used in [39] but no details can be found in this publication. We note that if all the data points are evenly spaced in the simulation box, then the least square method is completely equivalent to the discrete Fourier transform applied on those points. In the range of wavenumbers we used for the calculations of the bending rigidity, the difference between the different methods is expected to be negligible. In particular we will only use the points for which q y = 0 and q < 0.5 nm −1 (see the supplementary material for a justification [38] ). We will postpone a discussion on this matter for a future publication. Note that choosing the PO4 particles as the definition of the layer surface is somewhat arbitrary, however we have verified that choosing another reference particle does not change the results obtained here. This is because we are looking at the average of the position between the upper and lower layer, Eq. (14), and the specifics of the contributions cancel. 
D. Convergence test
For all our simulations, we checked the convergence of our fluctuation spectrum by looking at the distribution of the |h(q)| 2 after an equilibration period. Indeed, at equilibrium, a number of variables of the system will fluctuate around their mean values and have a Gaussian distribution. The h variable is one such variable of the system and therefore the distribution of the |h(q)| 2 should be exponential. In order to quantitatively evaluate the convergence we compared the mean values of the |h(q)| 2 to their standard deviations. For an exponential distribution these two quantities are equal. The main limiting factor for the convergence of the fluctuation spectrum is the simulation time, which must be large enough in order for the largest wavelength fluctuation to sufficiently sample their phase space. The convergence criteria we chosed is that the difference between the mean and standard deviation of the fluctuations be no more than 15% of the value of the mean. This criterium for convergence have been applied to all of our simulations. We believe this is the first time such a convergence test is applied to membrane fluctuations in molecular dynamics simulations and we expect it to be useful for future studies.
III. RESULTS AND DISCUSSION
A. Without Applied Electrical Potential
In Table I we show the thickness, bending rigidity and mechanical tension we measured in our different simulations. As the membrane is stretched, the tension increases. In Figure 1 we plot the tension as a function of the projected area (in our case as a function of the stretching factor as we only stretch in one direction) for all our simulations. When one increases the projected area of a fluctuating membrane, one will first pull out the excess area from the fluctuations and only at a later point will one actually start to stretch the membrane. In the region where the membrane is stretched one can recover the area expansion modulus K a [40, 41] . We have only used the points for 1.00, 1.02 and 1.05 in order to calculate K a . We obtained K a ∼ 224.8 ± 7mN/m which is quite comparable to the experimental value 213±5 mN/m [42] .
We show the fluctuation spectra for our simulations without an applied electric potential in Fig. 2 . Note that the overall amplitude of the fluctuation decreases as the membrane is stretched, indicating that the excess area of the membrane decreases, see Eq. (10). According to Eq. (7) the fluctuation spectrum will essentially show two regimes depending on the value of q: for q ≪ σ/κ the fluctuation spectrum becomes independent of the bending rigidity and is proportional to 1/(σq 2 ), for q ≫ σ/κ it reaches a regime independent of the tension and proportional to 1/(κq 4 ) and for q ∼ σ/κ the fluctuation should have a behavior between a q −2 and a q −4 line. We can see on the figure that in the q −2 regime of the fluctuation spectra are decreasing as the scaling factor is increased. This is coherent with the increase of the tension we observe in Table I . We can then obtain the bending rigidity by fitting the fluctuation spectra. Using the mechanical tension γ for σ 0 , box side lengths and temperature as measured in our simulations, the bend- ing rigidity is our only fitting parameter in Eq. (7). The results are presented in Table I . Within the error bars the bending rigidity for the 0.996 and 1.00 case are similar but it is clearly decreased for the 1.02 and 1.05 case.
The decrease of the bending rigidity can be related to a decrease in the thickness of the membrane (see [43] for a discussion). The value we obtained for the 1.00 case is κ ≈ 10.5×10 −20 J and can be compared to an experimental value 15.8 × 10 −20 J [42] at 25
• C without salt. Note that both the increase in temperature and the addition of salt is expected to decrease the bending rigidity [44, 45] so the agreement is expected to be better for the bending rigidity for a high temperature membrane (325 K) with a large salt concentration (∼ 100mM). We are unaware of another measurement for the bending rigidity of POPC membrane using molecular dynamics simulations. We can however compare the value we obtained to the value obtained using the same (Martini) force field in [35, 46] . They found κ ≈ 15 × 10 −20 J for a DPPC and DMPC membrane. Only one double bond in the carbon chain is not expected to make a big difference for the bending rigidity [43] .
B. With Applied Electrical Potential
Next we apply an electric potential difference across our membranes. We use two values for the electric potential, 200mV and 500mV, and we measure the tension, thickness and by fitting the fluctuation spectrum we get the bending rigidity (Table I) . Generally an applied electric field tend to squeeze the membrane and hence decrease the tension, as expected from theory [3, 10, 47] . We plot the fluctuation spectrum we obtained for the 1.00 case for 0, 200 and 500 mV in Figure 3 . The amplitude of the large wavelength fluctuation should increase because the tension decreases. This is clearly the case with the 500 mV applied electric potential, but it is not so clear with the 200 mV applied electric potential as the first mode is found to have a lower amplitude than the 0 mV in some cases. Also, we observed no net increase or decrease of the bending rigidity with the applied electric potential and we were unable to observe a change in thickness. We conclude that, within error bars, the bending rigidity is not affected by the applied electric potential for the salt concentration we use in the simulations. Theory [3, 10] predict a contribution much lower than k B T in accordance with our observation. Finally a note on the observed thickness. We do not observe any thickness change when we apply the electric potential, see Table  I . A quick calculation, assuming that the membrane conserves its volume, shows that the thickness change should be proportional to 1 − (1 + α 1 )/(1 + α 2 ) if the membrane area changes from α 1 to α 2 . In our case this induces a change in thickness which is less than 0.2% and is bellow the error bars in Table I . Electro-compressive stresses translate into a membrane tension decrease but it is unclear from our data if there is a thickness change. This will depend on the elastic properties of the membrane as a 3 dimensional medium.
C. Tension Moderation
Our main result is that the tension contribution from the applied electric potential is moderated depending on the initial tension of the membrane. We calculate the difference between the measured tension with an applied electric potential, γ, and the initial tension with zero electric potential, σ 0 , for all our different scaling factors. Using Eq. (9) together with Eq. (7) we then find the value for σ add that minimizes the squared error with the values obtained in our simulations. In Figure 4 we show the values extracted from our simulations as well as the fitted values of σ add . We obtained σ add = −0.31 mN/m for 200 mV and σ add = −1.55 mN/m for 500 mV. As can be seen on the figure the contribution to the tension vanishes when σ 0 is below a critical tension σ c and takes its full effect only for a sufficiently stretched membrane. According to [11] σ c can be estimated as σ c ≈ K a k B T /(8πκ). Taking the average of the bending rigidity values in Table I, κ ≈ 9.75 × 10 −20 J, we get σ c ≈ 0.43 mN/m. In the inset of Figure 4 we fitted the values of σ add to Eq. (11). We obtained µ ≈ −6.2 mN/m/V 2 . Furthermore, using the equation for the tension with a large salt concentration given in [3] , one can estimate µ ≈ −ε/2d where ε is the dielectric constant in the membrane and 2d the thickness of the membrane. One could have guessed this equation by assuming that the membrane behaves like a capacitor of dielectric constant ε and of thickness 2d. Using ε ≈ 2.5ε 0 , where ε 0 is the vacuum permittivity, and 2d ≈ 4.4 nm we get µ ≈ −5.0 mN/m/V 2 , in fair agreement with our obtained values.
Next we calculate σ add directly by identifying it with minus the Maxwell stresses created by the applied electric potential. In order to evaluate this contribution we can calculate the electric field given by the average charge distribution over the z axis. Assuming that the electric field is uniform on the x and y direction, the Maxwell stress can be calculated as:
where E norm is the integral of the average of the charge density in the x and y direction ρ x,y :
We show the electric field obtained that way in figure 
where the integral is over the z direction and T M,zz , T M,xx and T M,yy are respectively the normal and lateral Maxwell stresses. The additional contribution due to the applied potential can then be evaluated as:
where σ el (V ) is the electrostatic tension calculated from Eq. (18) with an applied electric potential V . In Table II we calculated σ el and σ add . We can see that for a given applied electric potential the absolute value of the different contributions of the applied electric potential to the stresses for the different scaling are the same within 10 −2 mN/m. Furthermore we obtained σ add ≈ −0.27 ± 0.01 mN/m in the 200 mV case and σ add ≈ −1.72 ± 0.01 mN/m in the 500 mV case which compare well to the values we obtained from the fits of (9), see Figure 4 . Also the electrostatic contribution found for the tension is on the order of (minus) the electrostatic stress found in an electroporation simulation (1 ≈ 2 mN/m for a potential range of 0.5 ≈ 1 V ) [48] . Note however that further comparison are difficult because the membrane is porated is this simulation. The overall agreement between our calculated values suggests that the applied electrostatic stress does not change with the initial state of the membrane and that the moderation of the tension is a consequence of the elastic response of the membrane, due to all the non electrostatic interactions.
IV. CONCLUSION
In this paper we have investigated the effect of an applied electrostatic potential on the mechanical properties of a membrane bilayer. We have shown that for the same applied potential the tension depends on the initial tension state of the membrane with no applied potential. The moderation happens while the electrostatic stresses are not changing significantly for different membrane stretch with the same applied potential even though the thickness of the membrane change. The lipids rearrange in order to partially accommodate for the additional stress by slightly changing their area per lipid in the membrane giving an apparent moderation of the tension. We found no significant effect of the applied electrostatic potential on the bending rigidity supposedly because of our high ion concentration. The moderation of the tension could have significant effects on membranes and proteins functions. A floppy membrane, with large excess area, being essentially insensitive to a change of the applied potential while the potential will have its full effect on a stretched membrane, with little excess area. The tension moderation would provide a way to trigger the sensitivity of the membrane to the applied electrostatic potential, triggering the activation of mechano sensitive proteins. To strengthen that point we will note here that we observed the shift between the moderated tension and the non moderated tension for initial tension between 0.1 mN/m and 10 mN/m which is a physiologically relevant regime. For example the mechanosensitive channel MscL is activated by tension on the order of 5 mN/m [49] . Also tension have been shown to influence cell motility [50] and endocytosis [51] and this will be affected by our finding.
As we showed that the electro-compressive stress effect on the membrane depends on the available excess area our finding might be of importance for electroporation phenomenon. By affecting the area per lipid the compressive stress that we discuss in this paper will certainly play a role in the probability of forming the water fingers that precede the pore formation (the so called hydrophobic pore) [52, 53] . However the complex rearrangement of water and lipid molecules in the pore is beyond the continuous elastic sheet model used here and further investigation as to how the membrane fluctuation influence electroporation is required.
Lastly note that the external stress we discussed in this paper could be applied by other means than through an applied electrostatic potential, for example, active proteins activated by ATP could create stress in the membrane due to their conformation change possibly providing another way for the membrane to control its tension [8] .
